
Correction TD3

Correction exercice 1.

1. P (X = 0) = 3
8
, P (X = 1) = 5

8

P (Y = 0 = X = 0) = 2
7

P (Y = 0 = X = 1) = 3
7

P (Y = 1 = X = 0) = 5
7

P (Y = 1 = X = 1) = 4
7

(X; Y ) (
) = f(0; 0) (0; 1) (1; 0) (1; 1)g
P (X = 0; Y = 0) = P (X = 0)P (Y = 0 = X = 0) = 3

8
� 2

7
= 6

56

P (X = 0; Y = 1) = P (X = 0)P (Y = 1 = X = 0) = 3
8
� 5

7
= 15

56

P (X = 1; Y = 0) = P (X = 1)P (Y = 0 = X = 1) = 5
8
� 3

7
= 15

56

P (X = 1; Y = 1) = P (X = 1)P (Y = 1 = X = 1) = 5
8
� 4

7
= 20

56

X n Y 0 1
0 6

56
15
56

1 15
56

20
56

Loi marginale de X

k 0 1
P (X = k) 21

56
35
56

Loi marginale de Y

k 0 1
P (Y = k) 21

56
35
56

2. Loi de X = Y = 0

P (X = k=Y = 0) = P (X=k;Y=0)
P (Y=0)

X = Y = 0 0 1
P (X = k = Y = 0) 6

21
15
21

Loi de X = Y = 1

P (X = k = Y = 1) = P (X=k;Y=1)
P (Y=1)

X=Y = 1 0 1
P (X = k = Y = 1) 15

35
20
35

Loi de Y = X = 0

P (Y = k = X = 0) = P (X=0;Y=k)
P (X=0)

Y = X = 0 0 1
P (Y = k = X = 0) 6

21
15
21

1



Loi de Y = X = 1

P (Y = k = X = 1) = P (X=1;Y=k)
P (X=1)

Y = X = 1 0 1
P (Y = k = X = 1) 15

35
20
35

3. si x < 0 ou y < 0, FX;Y (x; y) = 0

si x < 1 et y < 1, FX;Y (x; y) = P (X = 0; Y = 0) = 6
56

si x < 1 et y < 2, FX;Y (x; y) = P (X = 0; Y = 0) + P (X = 0; Y = 1) = 6
56
+ 15

56
=

21
56

si x < 2 et y < 1, FX;Y (x; y) = P (X = 0; Y = 0) + P (X = 1; Y = 0) = 6
56
+ 15

56
=

21
56

si x < 2 et y < 2, FX;Y (x; y) = 1

FX;Y (x; y) =

8>>>><>>>>:
0 si x < 0 ou y < 0
6
56

si x < 1 et y < 1
21
56

si x < 1 et y < 2
21
56

si x < 2 et y < 1
1 si x < 2 et y < 2

Correction exercice 2.

1. Yn ! P (�) , � = ln 2

Xn (
) = f0; 1g
P (Xn = 1) = P (Yn = 0) = e

�� �0
0!
= e�� = 1

2

P (Xn = 0) = P (Yn > 0) = 1� P (Yn = 0) = 1
2

k 0 1
P (Xn = k)

1
2

1
2

Xn suit la loi de Bernoulli de param�etre
1
2

Xn ! B
�
1
2

�
a) P ((Xn = 0) \ (Xm = 0)) = P ((Yn > 0) \ (Ym > 0)) = 1� e�

�
2 = 1� 1p

2

P (Xn = 0)� P (Xm = 0) =
1
2
� 1

2
= 1

4

1� 1p
2
6= 1

4
=) Xn et Xm ne sont pas ind�ependantes.

b) E (XnXm) =
PP

k;k02f0;1g
k�k0�P ((Xn = k) \ (Xm = k

0)) = 1�1�P ((Xn = 1) \ (Xm = 1)) =

P ((Yn = 0) \ (Ym = 0))

= 1�P
�
(Yn = 0) \ (Ym = 0)

�
= 1�

�
P
�
(Yn = 0) [ (Ym = 0)

��
= 1�(P ((Yn > 0) [ (Ym > 0))

c) cov (Xn; Xm) = E (XnXm)� E (Xn)E (Xm)

E (XnXm) = 1 � (P ((Yn > 0) [ (Ym > 0)) = 1 � (P (Yn > 0) + P (Ym > 0) �
P ((Yn > 0) \ (Ym > 0))

2



= 1 � (P (Xn = 0) + P (Xm = 0) �
�
1� e��

2

�
) = 1 �

�
1
2
+ 1

2
�
�
1� 1p

2

��
=

1� 1p
2

E (Xn)E (Xm) =
1
2
� 1

2
= 1

4

cov (Xn; Xm) = 1� 1p
2
� 1

4
= 3

4
� 1p

2

2. E (Sn) = E (
Pn

i=1Xi) =
Pn

i=1E (Xi) =
n
2

V (Sn) = V (
Pn

i=1Xi) =
Pn

i=1 V (Xi)+
PP
i6=j

cov(Xi; Xj) =
n
4
+(n2 � n)

�
3
4
� 1p

2

�
=

n2
�
3
4
� 1p

2

�
� n

�
1
2
� 1p

2

�
.

Correction exercice 3.

1. X (
) = f�2;�1; 1; 2g
Y (
) = f1; 4g
Loi conjointe du couple (X; Y ) :

X n Y 1 4
�2 0 1

4

�1 1
4
0

1 1
4
0

2 0 1
4

Loi marginale de Y :

y 1 4
P (Y = y) 1

2
1
2

2. P (Y = y / X = x) = P (X=x,Y=y)
P (X=x)

y 1 4
P (Y = y / X = 1) 1 0

P (X = x / Y = y) = P (X=x,Y=y)
P (Y=y)

x �2 �1 1 2
P (X = x / Y = 1) 0 1

2
1
2
0

3. cov(X; Y ) = E(XY )� E(X)E(Y )
E(XY ) =

P
x2X(
),

P
y2X(
)

xyP (X = x,Y = y) = 0

E(X) = 0

E(Y ) = 5
2

cov(X; Y ) = 0

X et Y ne sont pas ind�ependantes bien que cov(X; Y ) = 0 car

P (X = �2,Y = 1) = 0 6= P (X = �2)� P (Y = 1) = 1
8
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Correction exercice 4.

1. P (X = i; Y = j) = 2
k(k+1)

pour 1 � j � i � k

P (X = i) =
Pi

j=1 P (X = i; Y = j) =
Pi

j=1
2

k(k+1)
= 2i

k(k+1)
pour 1 � i � k

P (Y = j) =
Pk

i=j P (X = i; Y = j) =
Pk

i=j
2

k(k+1)
= 2(k�j+1)

k(k+1)
pour 1 � j � k

2. P (X = i / Y = j) = P (X=i;Y=j)
P (Y=j)

= 1
k�j+1 pour 1 � j � i � k

3. P (Y = j / X = i) = P (X=i;Y=j)
P (X=i)

= 1
i
pour 1 � j � i � k

4. E (X=Y = j) =
Pk

i=j i� P (X = i / Y = j) =
Pk

i=j
i

k�j+1 =
j+k
2

E (X=Y ) = Y+k
2

V (X=Y = j) = E (X2=Y = j)� (E (X=Y = j))2

E (X2=Y = j) =
Pk

i=j i
2�P (X = i / Y = j) =

Pk
i=j

i2

k�j+1 =
1
6
(�j + k + 2jk + 2j2 + 2k2)

V [X=Y = j] = (j�k)(j�k�2)
12

E (Y=X = i) =
Pi

j=1 j � P (Y = j=X = i) =
Pi

j=1
j
i
= i+1

2

V (Y=X = i) = E (Y 2=X = i)� (E (Y=X = i))2

E (Y 2=X = i) =
Pi

j=1 j
2 � P (Y = j / X = i) =

Pi
j=1

j2

i
= (i+1)(2i+1)

6

V (Y=X = i) = i2�1
12

E (X) = E (E (X=Y )) =
Pk

j=1E (X=Y )P (Y = j) =
Pk

j=1
j+k
2

2(k�j+1)
k(k+1)

= 2k+1
3

ou E(X) =
Pk

i=1 i� P (X = i) =
Pk

i=1
2i2

k(k+1)
= 2k+1

3

V (X) = E(X2)� (E(X))2

E(X2) =
Pk

i=1 i
2 � P (X = i) =

Pk
i=1

2i3

k(k+1)
= k(k+1)

2

V (X) = (k+2)(k�1)
18

E (Y ) = E (E (Y=X)) =
Pk

i=1E (Y=X)P (X = i) =
Pk

i=1
i+1
2

2i
k(k+1)

= k+2
3

ou E (Y ) =
Pk

j=1 j � P (Y = j) =
Pk

j=1 j �
2(k�j+1)
k(k+1)

= k+2
3

V (Y ) = E(Y 2)� (E(Y ))2

E(Y 2) =
Pk

j=1 j
2 � P (Y = j) =

Pk
j=1 j

2 � 2(k�j+1)
k(k+1)

= (k+1)(k+2)
6

V (Y ) = (k+2)(k�1)
18

5. �X;Y =
cov(X;Y )
�X�Y

= E(XY )�E(X)E(Y )p
V (X)

p
V (Y )

E(XY ) =
Pk

i=1

Pi
j=1 ijP (X = i,Y = j) =

Pk
i=1

Pi
j=1

2ij
k(k+1)

= (3k+1)(k+2)
12

Remarques :Pn
i=1 i =

n(n+1)
2

4



Pn
i=1 i

2 = n(n+1)(2n+1)
6Pn

i=1 i
3 =

�
n(n+1)
2

�2
�X;Y =

(3k+1)(k+2)
12

� 2k+1
3

k+2
3q

(k+2)(k�1)
18

q
(k+2)(k�1)

18

= 1
2

Correction exercice 5.

1.
R
R

R
R f(x; y)dxdy =

R +1
0

R y
0
ke�ydxdy = kR

R

R
R f(x; y)dxdy = 1() k = 1

Pour k = 1 on a f(x; y) � 0
fX(x) =

R
R f(x; y)dy = 1R�+(x)

R +1
x

e�ydy = e�x1R�+(x)

fX(x) =

�
e�x si x > 0
0 sinon

fY (y) =
R
R f(x; y)dx = 1R�+(y)

R y
0
e�ydx = ye�y1R�+(y)

fY (y) =

�
ye�y si y > 0
0 sinon

2. Les variables X et Y ne sont pas ind�ependantes car f(x; y) 6= fX(x)fY (y)

3. f(x; y) = e�y10<x<y

fX(x)fY (y) = e
�xye�y1R�+(x)1R�+(y)

f(x; y) 6= fX(x)fY (y) =) X et Y ne sont pas ind�ependantes.

a) fX=Y=y(x) =

(
f(x;y)
fY (y)

si 0 < x < y

0 sinon
=

�
e�y

ye�y si 0 < x < y

0 sinon

=

�
1
y
si 0 < x < y

0 sinon

b) E(X=Y = y) =
R
R xfX=Y=y(x)dx =

R y
0
x 1
y
dx = y

2

E(X=Y ) = Y
2

4. U = Y �X et V = X

a)

�
U = Y �X
V = X

()
�
X = V
Y = U + V

=)
�
x(u; v) = v
y(u; v) = u+ v

0 < x < y () 0 < v < u+ v () u > 0 et v > 0

fU;V (u; v) =

�
fX;Y (x(u; v); y(u; v)) jdet J j si u > 0 et v > 0
0 sinon

5



o�u J =

 
@x(u;v)
@u

@x(u;v)
@v

@y(u;v)
@u

@y(u;v)
@v

!
=

�
0 1
1 1

�
et jdet J j = 1

fU;V (u; v) =

�
e�(u+v) si u > 0 et v > 0
0 sinon

Premi�ere m�ethode de calcul des densit�es marginales:

densit�e marginale de U :

fU(u) =
R
R fU;V (u; v)dv = 1R�+(u)

R +1
0

e�(u+v)dv = e�u1R�+(u)

fU(u) =

�
e�u si u > 0
0 sinon

U ! �(1) (U suit une loi exponentielle de param�etre 1)

densit�e marginale de V :

fV (v) =
R
R fU;V (u; v)du = 1R�+(v)

R +1
0

e�(u+v)du = e�v1R�+(v)

fV (v) =

�
e�v si v > 0
0 sinon

V ! �(1) (V suit une loi exponentielle de param�etre 1)

Deuxi�eme m�ethode de calcul des densit�es marginales:

fU;V (u; v) = e
�(u+v)1R�+(u)1R�+(v) =

�
e�u1R�+(u)

��
e�v1R�+(v)

�
= fU(u)fV (v)

o�u fU est la ddp de la v.a U et fV est la ddp de la v.a V

b) fU;V (u; v) = e
�(u+v)1R�+(u)1R�+(v)

fU(u)fV (v) = e
�ue�v1R�+(u)1R�+(v)

fU;V (u; v) = fU(u)fV (v) =) U et V sont ind�ependantes.

5. U ! �(1) et V ! �(1) =)
V (X) = V (V ) = 1

V (Y ) = V (U + V ) = V (U) + V (V ) = 2

cov(X; Y ) = cov(V; U + V ) = cov(V; U) + cov(V; V ) = 0 + V (V ) = 1

la matrice de covariance de (X;Y ) est �X;Y =

�
V (X) cov(X; Y )

cov(X; Y ) V (Y )

�
D'o�u

�X;Y =

�
1 1
1 2

�

Correction exercice 6.

1. FY (y) = P (Y < y) = P ("X < y) = P ("X < y; " = �1) + P ("X < y; " = 1)

= P (�X < y)P (" = �1) + P (X < y)P (" = 1) = 1
2
(P (X > �y) + P (X < y)) =

1
2
(1� P (X < �y) + P (X < y))

= 1
2
(1� FX(�y) + FX(y)) = 1

2
(FX(y) + FX(y)) = FX(y)

FY (y) = FX(y) =) X et Y suivent la même loi d'o�u Y ! N(0; 1)

6



2. �(X; Y ) = cov(X;Y )
�X�Y

�X = �Y = 1 car X ! N(0; 1) et Y ! N(0; 1)

cov(X; Y ) = E(XY )� E(X)E(Y )
E(X) = E(Y ) = 0

E(XY ) = E("X2) = E("X2=" = �1)P (" = �1) + E("X2=" = 1)P (" = 1) =
1
2
(E(�X2) + E(X2)) = 0

cov(X; Y ) = 0

a) P (X 2 [�a; a]) = P (�a � X � a) = FX(a)� FX(�a) = 2FX(a)� 1
b) P (X 2 [�a; a] ; Y 2 [�b; b]) = P (�a � X � a;�a � Y � a)
= P (�a � X � a;�a � "X � a)
= P (�a � X � a;�a � "X � a; " = �1)+P (�a � X � a;�a � "X � a; " = 1)
= P (�a � X � a;�a � X � a)P (" = �1)+P (�a � X � a;�a � X � a)P (" = 1)
= 1

2
(P (�a � X � a) + P (�a � X � a)) = 2FX(a)� 1

P (Y 2 [�a; a]) = P (�a � Y � a) = P (�a � "X � a) = P (�a � "X � a; " = �1)+
P (�a � "X � a; " = 1)
= P (�a � X � a)P (" = �1) + P (�a � X � a)P (" = 1) = 2FX(a)� 1
On a :

P (X 2 [�a; a] ; Y 2 [�b; b]) = 2FX(a)� 1
P (X 2 [�a; a])P (Y 2 [�a; a]) = (2FX(a)� 1)2

X et Y ne sont pas ind�ependantes car

P (X 2 [�a; a] ; Y 2 [�b; b]) 6= P (X 2 [�a; a])P (Y 2 [�a; a])
c) P (X = Y ) = P (X = "X)

X = "X dans deux cas : soit (X = 0 et " 2 f�1; 1g) ou (X 2 R et " = 1)
P (X = "X) = P (X = 0; " 2 f�1; 1g) + P (" = 1; X 2 R) = P(X=0)P (" 2
f-1,1g) + P ("=1)P (X 2 R) (car X et " sont ind�ependantes)

= 0� 1 + 1
2
� 1 = 1

2

(P (X = 0) = 0 car X est une v.a.r continue)

Correction exercice 7.

1. X et Y suivent la même loi et donc par sym�etrie on a FX(Y ) = FY (X) ()
P (X < Y ) = P (Y < X)

P (X < Y ) = 1�P (X > Y )() P (Y < X) = 1�P (X > Y )() P (Y < X) =
1
2

D'o�u P (X > Y ) = 1
2

2. U = inf(X; Y ) et V = sup(X; Y )

7



a) FU(u) = P (U < u) = P (inf(X; Y ) < u) = 1 � P (inf(X; Y ) > u) = 1 �
P (X > u; Y > v) = 1�P (X > u)P (Y > v) car X et Y sont ind�ependantes

FU(u) = 1�(1� P (X < u)) (1� P (Y < v)) = 1�(1� FX(u)) (1� FY (v)) =
1� (1� F (u))2 o�u F est la fonction de r�epartition de la loi exponentielle.

fX(x) =

�
�e��x si x > 0
0 sinon

et FX(x) =

�
1� e��x si x > 0
0 sinon

D'o�u FU(u) = 1�
�
1� 1 + e��u

�2
= 1� e�2�u si u > 0

C'est la fonction de r�epartition d'une loi exponentielle de param�etre 2� d'o�u
U = inf(X; Y )! � (2�)

b) P (V � v) = P (U � u; V � v) + P (U > u; V � v) () (U � u; V � v) =
P (V � v)� P (U > u; V � v)

c) FU;V (u; v) = P (U � u; V � v) = P (V � v) � P (U > u; V � v) =
P (sup(X; Y ) � v)� P (inf(X; Y ) > u; sup(X;Y ) � v)
= P (X � v; Y � v)� P (X > u; Y > u;X � v; Y � v) = P (X � v)P (Y �
v)� P (u < X � v; u < Y � v)
= P (X � v)P (Y � v)� P (u < X � v)P (u < Y � v)
Si u � v on aura FU;V (u; v) = F (v)2 � (F (v)� F (u))2

Si u > v on aura FU;V (u; v) = F (v)
2

FU;V (u; v) =

�
(F (v))2 si u > v

(F (v))2 � (F (v)� F (u))2 si u � v
densit�e du couple (U; V ) :

fU;V (u; v) =
@2

@u@v
(FU;V (u; v)) =

�
@2

@u@v

�
(F (v))2

�
si u > v

@2

@u@v

�
(F (v))2 � (F (v)� F (u))2

�
si u � v

fU;V (u; v) =

�
0 si u > v
2f(u)f(v) si u � v

la loi conjointe fU;V (u; v) = 2f(u)f(v)1u�v 6= f(u)f(v) donc U et V ne sont
pas ind�ependantes.

Correction exercice 8.

1. a) V�eri�er que la v.a. U + V est de loi G(a+ b; �)

U ! G(a; �) , V ! G(b; �)

�U(t) =
�

�
��it
�a

En e�et, �U(t) = E
�
eitU
�
=
R
R e

itufU(u)du =
R +1
0

eitu �a

�(a)
ua�1e��udu =

R +1
0

�a

�(a)
ua�1e�(��it)udu

Soit z = ��it
�
u

�U(t) =
R +1
0

�a

�(a)

�
�z
��it
�a�1

e��z �
��itdz =

�
�

��it
�a R +1

0
�a

�(a)
za�1e��zdz =

�
�

��it
�a

�U+V (t) = E
�
eit(U+V )

�
= E

�
eitUeitV

�
= E

�
eitU
�
E(eitV ) (car U et V sont

ind�ependantes)

8



�U+V (t) == �U(t)�V (t) =
�

�
��it
�a � �

��it
�b
=
�

�
��it
�a+b

=) U + V ! G(a+ b; �)

b) V�eri�er que que la v.a. cU est de loi G
�
a; �

c

�
Soit Z = cU

�Z(t) = �cU(t) = E
�
eitcU

�
= �U(ct) =

�
�

��ict
�a
=

�
1

1�i( c�)t

�a
=) Z = cU ! G(a; c

�
)

2. X ! N(0; 1) et U ! G(a; �).

Les fonctions de densit�e des v.a. X et U sont :

fX(x) =
1p
2�
e�

x2

2 8x 2 R et fU(u) = �a

�(a)
ua�1e��u 8x > 0

a) V�eri�er que la densit�e de la v.a. X2 est de loi G
�
1
2
; 1
2

�
Soit Z = X2

FZ(z) = P (Z < z) = P (X
2 < z) = P (�

p
z < X <

p
z) = 2FX(

p
z)� 1

fZ(z) =
@
@z
FZ(z) =

2
2
p
z
fX(

p
z) = 1p

z
1p
2�
e�

z
2 8z > 0

fZ(z) =
( 12)

1
2

�( 12)
z
1
2
�1e�

1
2
u 8z > 0

Z = X2 ! G
�
1
2
; 1
2

�
b) i. On pose T = Xp

U
et S =

p
U , D�eterminer la densit�e du couple (T; S)

Soit fT;S(t; s) la densit�e du couple (T; S)�
T = Xp

U

S =
p
U

()
�
X = TS
U = S2

x 2 R =) t = xp
u 2 R

s =
p
u > 0

fT;S(t; s) = fX;U(ts; s
2) jdet J j pour t 2 R et s > 0

o�u J =

 
@x(t;s)
@t

@x(t;s)
@s

@u(t;s)
@t

@u(t;s)
@s

!
=

�
s t
0 2s

�
jdet J j = 2s2

X et U deux variables al�eatoires r�eelle ind�ependantes donc fX;U(ts; s
2) = fX(ts)fU(s

2)

fT;S(t; s) = fX;U(ts; s
2) jdet J j = 1p

2�
e�

t2s2

2
�a

�(a)
(s2)

a�1
e��s

2
2s2 = 2�ap

2��(a)
s2ae�(�+

t2

2
)s2

pour t 2 R et s > 0
b) ii. D�eterminer la densit�e de la v.a. T .

fT (t) est la densit�e marginale de la v.a. T

fT (t) =
R
R fT;S(t; s)ds =

R +1
0

2�ap
2��(a)

s2ae�(�+
t2

2
)s2ds

z=s2
=
R +1
0

2�ap
2��(a)

zae�(�+
t2

2
)z 1
2
p
z
dz =R +1

0
�ap
2��(a)

za�
1
2 e�(�+

t2

2
)zdz
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= �ap
2��(a)

R +1
0

z(a+
1
2)�1e�(�+

t2

2
)zdz = �ap

2��(a)

�(a+ 1
2
)�

�+ t2

2

�a+1
2
= �ap

2��(a)

�(a+ 1
2
)

�a+
1
2

�
1+ t2

2�

�a+1
2
=

�(a+ 1
2
)p

�
p
2��(a)

1�
1+ t2

2�

�a+1
2

=) fT (t) =
�(a+ 1

2
)p

�
p
2��(a)

1�
1+ t2

2�

�a+1
2
8t 2 R:

3. d�eduire sans calcul �a partir de 1.b) et 2.b) la densit�e de la v.a. X2
1 + :::+X

2
n

X ! N(0; 1) alors X2 ! G
�
1
2
; 1
2

�
U ! G(a; �) , V ! G(b; �) alors U + V ! G(a+ b; �) et cU ! G(a; c

�
)

Donc X2
i ! G(1

2
; 1
2
) et X2

1 + :::+X
2
n ! G(n

2
; 1
2
)

4. d�eduire sans calcul la densit�e de la v.a. Yr
X21+:::+X

2
n

n

(loi de Student)

U ! G(a; �) alors cU ! G(a; c
�
)

X2
1 + :::+X

2
n ! G(n

2
; 1
2
) =) 1

n
(X2

1 + :::+X
2
n)! G(n

2
; n
2
)

La densit�e de T = Xp
U
o�uX ! N(0; 1) et U ! G(a; �) est fT (t) =

�(a+ 1
2
)p

�
p
2��(a)

1�
1+ t2

2�

�a+1
2

8t 2 R
La densit�e de la variable Yr

X21+:::+X
2
n

n

o�u Y ! N(0; 1) et
X2
1+:::+X

2
n

n
! G(n

2
; n
2
) est

la densit�e de T = Xp
U
avec a = n

2
et � = n

2

f Yr
X21+:::+X

2
n

n

(t) =
�(n

2
+ 1
2
)p

n
2

p
2��(n

2
)

1�
1+ t2

n

�n
2 +

1
2
=

�(n+1
2
)

p
n�(n

2
)�( 1

2
)

1�
1+ t2

n

�n+1
2

8t 2 R

Correction exercice 9.

1. X ! G(�)

P (X = x) = (1� �)x�1 � pour x 2 N�

8x 2 [n; n+ 1[ , FX(x) = P (X < x) =
Pn

x=1 (1� �)
x�1 � = 1� (1� �)n

a) GX(s) = E(s
X) = s�

1�s(1��)

E(X(X � 1)) = G00
X(1)

G0X(s) =
�

(1�s(1��))2 , G
0
X(1) =

1
�

G
00
X(s) =

2�(1��)
(1�s(1��))3 , G

00
X(1) =

2(1��)
�2

=) E(X(X � 1)) = 2(1��)
�2

b) E(Y ) = E(e�X) = E
��

1
e

�X�
= GX

�
1
e

�
<1 (�nie)=) E(Y ) existe

E(Y ) = GX
�
1
e

�
= �

e�(1��)
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2. Z = (�1)X

Z (
) = f�1; 1g
x 1 2 3 4 5 6 7 8 :::
z �1 1 �1 1 �1 1 �1 1 :::

P (Z = �1) =
P1

k=0 P (X = 2k+1) =
P1

k=0 (1� �)
2k+1�1 � = �

P1
k=0 (1� �)

2k =

�
P1

k=0

�
(1� �)2

�k
= 1

2��

P (Z = 1) =
P1

k=1 P (X = 2k) =
P1

k=0 (1� �)
2k�1 � = �

1��
P1

k=0 (1� �)
2k =

�
1��

P1
k=0

�
(1� �)2

�k
= 1��

2��

z �1 1

P (Z = z) 1
2��

1��
2��

E(Z) = ��
2��

Correction exercice 11.

X ! G(p) et Y ! G(p)

1. GX(z) = E(z
X) =

P1
z=1 z

kP (Z = k) =
P1

z=1 z
k(1�p)k�1p = p

1�p
P1

z=1 (z(1� p))k =
p
1�p
�P1

z=0 (z(1� p))k � 1
�
= p

1�p

�
1

1�z(1�p) � 1
�
= pz

1�z(1�p)

De même GY (z) = E(z
Y ) = pz

1�z(1�p) .

GS(z) = E (z
s) = E

�
zX+Y

�
= E(zXzY ) = E(zX)E(zY ) = p2z2

(1�z(1�p))2 .

2. S(
) = N� n f1g
P (S = n) = P (X + Y = n) =

Pn�1
i=1 P (X = i et Y = n� i)

=
Pn�1

i=1 P (X = i )(Y = n�i) =
Pn�1

i=1 (1� p)
i�1 (1� p)n�i�1 p = (n�1)p2 (1� p)n�2

3. 8X > 1 et n > k

P (X = k / S = n) =
P (X = k et S = n)

P (S = n)
=
P (X = k et X + Y = n)

P (S = n)
=

P (X = k et Y = n� k)
P (S = n)

=
P (X = k )P (Y = n� k)

P (S = n)
=
(1� p)k�1p(1� p)n�k�1p
(n� 1)p2 (1� p)n�2

=
1

n� 1

E(X / S = n) =
Pn�1

k=1 kP (X = k / S = n) =
1

n� 1

n�1X
k=1

k =
1

n� 1
(n� 1)n

2
=

n

2

) E(X / S) =
S

2
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4. E(E(X=S)) = E

�
S

2

�
= 1

2

P1
n=2 nP (S = n) =

1
2

P1
n=2 n(n � 1) (1� p)

n�2 p2 =

1
2
p2
@2

@p2

 1X
n=2

(1� p)n
!
=
1

2
p2
@2

@p2

 
(1� p)2

p

!
=
1

p
= E(X)

D'o�u E(E(X=S)) = E(X)

Correction exercice 12.

1. a) (a� b�)2 + (1� �2) b2 = a2 � 2�ab+ b2

b) fY (y) =
R
R fX;Y (x; y)dx =

R
R

1

2�
p
1��2

e
� 1
2(1��2)(x

2+2�xy+y2)
dx

=
R
R

1

2�
p
1��2

e
� 1
2(1��2)((x��y)

2+(1��2)y2)
dx

= e�
y2

2

R
R

1

2�
p
1��2

e
� (x��y)2

2(1��2)dx

= e�
y2

2

R
R

1

2�
p
1��2

e
� 1
2

�
x��yp
1��2

�2
dx

t= x��yp
1��2
= e�

y2

2

R
R

1
2�
e�

t2

2 dt = 1p
2�
e�

y2

2

De même fX(x) =
1p
2�
e�

x2

2

X et Y ! N(0; 1)

c) fX;Y (x; y) 6= fX(x)fY (y) =) X et Y ne sont pas ind�ependantes

2. Pour � = 0 on aura fX;Y (x; y) =
1
2�
exp

�
�1
2
(x2 + y2)

	
8 (x; y) 2 R 2

a) �X+Y (t) = E
�
eit(X+Y )

�
= E

�
eitXeitY

�
= E

�
eitX)E(eitY

�
car pour � = 0,

fX;Y (x; y) = fX(x)fY (y) et donc X et Y sont ind�ependantes.

�X+Y (t) = �X(t)�Y (t) = e
� t2

2 e�
t2

2 = e�t
2

D�emonstration:

�X(t) = E(e
itX) =

R
R

1p
2�
eitxe�

x2

2 dx =
R
R

1p
2�
e�

x2

2
+itxdx =

R
R

1p
2�
e�

1
2
(x�it)2� t2

2 dx
z=x�it
=

e�
t2

2

R
R

1p
2�
e�

1
2
z2dz = e�

t2

2

b) X + Y ! N(0;
p
2)

D�emonstration:

X suit la loi normale de param�etres 0 et 1 et la fonction caract�eristique de X

est �X(t) = e
� t2

2

Soit U = �X +m , U ! N(m;�)

La fonction caract�eristique de U est

�U(t) = ��X+m(t) = E(e
it(�X+m)) = E(eit�X+itm) = eitmE(eit�X) = eitm�X(t�) =

eitme�
�2t2

2

�X+Y (t) = e
�t2 =) X + Y suit la loi normale de param�etres m = 0 et � =

p
2

X + Y ! N(0;
p
2)
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